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The coarseness, c(G), of a graph G, has been defined as the maximum 
number of edge disjoint non-planar subgraphs into which G may be 
decomposed. For the complete graph, K~, on p vertices, Beineke and 
Chartrand [1] have shown that 
c~ ~ V% ' ], ~, 
c~.~ ~ (~). . _- ~r. ~:~ 
r c~ ~ (~)+ [~].  ~ -- ~r + .. ~ 
c(K~) ~ (2)  -+- , p = 3r q- 2, (4) 
where square brackets mean integral part. 
Erd6s conjectured that (2) was best possible, equality being achieved 
when each of r triples of points is joined to every other, producing (~) 
kuratowski, or "gas, water, electricity" graphs, Ks.z. However, decom- 
positions of/s and K45 into, respectively, 
47 > (10 15 )and,0*>(2) 
non-planar graphs are exhibited below, so that (2) can be improved to 
c(~ ~ (~)+ [~], ~ = ~r ~ ~0 (5) 
* Research supported by a grant from P. Erd6s. 
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On the other hand, by Kuratowski's theorem [3] every non-planar graph 
contains a subgraph homeomorphic to K 5 or Ks, 8. Suppose that 
K~, p = 3r, can be decomposed into, respectively, x and y such graphs, 
where 
r (6) 
Since such graphs contain at least 10 or 9 edges, respectively, 
lOx + 9y <~ (P2) -- 9r~--  3r 
2 
(7) 
Multiply (6) by 9 and subtract from (7): 
( ,  
x < -3-' (8) 
i.e., the average number of Kn graphs at a vertex is less than 2. Suppose 
v0, Vl, v2 are the numbers of vertices which belong to 0, 1, 2 (or more) 
K 5 graphs. Then 
5x /> Vl + 2v~, (9) 
3r = v 0 q- Vl -}- vs. (10) 
Subtract (9) from twice (10): 
2v0 + Vl ~< 6r --  5x. (11) 
At each vertex there are 3r - -  1 edges, so that at v o of them, at least two 
do not belong to a K3.3 graph, since it is trivalent (nor to a K 5 graph). At 
Vl of them, there are 3r -- 5 edges which do not belong to a K 5 graph, and 
so at least one which does not belong to a/(3, 3 graph either. So there are 
at least 89 0 + vl) edges which do not belong to a Ks,~ or a K 5 graph, 
and (7) can be improved to 
lOx + 9y ~< ~(9r  2 -- 3r) --  ~(2v o + Vl) 
<~ ~(gr  ~ -- 3r) -- 1/2(6r - -  5x) 
by (11), so that 
9r 9(x + 9(;)+ 9( ; )+v 
by (8). But this contradicts (6), which is therefore false, showing that 
equality obtains in (5), 
r 
40 GUY 
To obtain the decompositions of/(30 and K45, start from K15, whose 
vertices are labeled, for convenience, with unordered pairs of digits chosen 
from {0, 1 .... ,5}. Six K s graphs are taken, the vertices of each having a 
common digit in their labels, i.e., 0102030405;  01 121341 15; 
02 12 23 24 25; 30 13 23 34 35; 40 41 24 34 45; and 05 15 25 35 45. There 
remain 
edges, which may be considered as fifteen 3-claws, the vertex named in the 
first column of the table being joined to those in the same row in columns 
2, 3 and 4. Note that each column of the table contains every vertex and 
that each set of five rows can be obtained from one of the set by keeping 5 
fixed and permuting the other digits cyclically, modulo 5. Label this Ka5 
I X Y 
05 
15 
25 
35 
45 
O1 
12 
23 
34 
40 
02 
13 
24 
30 
41 
X X X Y 
12 13 34 40 
23 24 40 01 
34 30 01 12 
40 41 12 23 
01 02 23 34 
24 23 35 30 
30 34 45 41 
41 40 05 02 
02 O1 15 13 
13 12 25 24 
35 15 41 05 
45 25 02 15 
05 35 13 25 
15 45 24 35 
25 05 30 45 
35 
45 
05 
15 
25 
02 
13 
24 
30 
41 
O1 
12 
23 
34 
40 
as X, and make a copy, Y. Form fifteen K3,3 graphs from the 3-claws in X 
by joining their tips to the pairs of vertices in Y named in columns 5 and 
6; e.g., X12, X13, X34 are joined to Y40, Y35 (and X05), and similarly 
for the other fourteen rows. Symmetrically, form fifteen more Ka.a graphs 
by interchanging the roles of X and Y. There remain forty-five edges 
between Xand Ywhich do not occur in the thirty Kz,s graphs just described, 
They form five more K3, 3 graphs, i.e., I"05, X12, X13 joined to Y05, Y12, 
Y13 and its four cyclic permutations, as described above. Their vertices 
occur in the first five rows and three columns of the table. There are now 
2 • 6 K 5 graphs and 30 -t- 5 K~,z graphs, a total of 47 non-planar graphs. 
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For Ka5 take another copy, Z, of the K15 already constructed, and join 
it to the/s as follows. Each of its fifteen 3-claws is formed into a K3.3 
graph by joining its tips to the vertex named in column 1 in both X and Y; 
e.g., Z12, Z13, Z34 are joined to X051 Y05 (and Z05). There remain 
12 • 15 = 180 = 20 • 9 edges between each of the pairs X, Z and Y, Z. 
These form two sets of twenty K3.3 graphs, the set between X and Z being, 
for example, X05, X15, X30 joined to Z05, Z25, Z30; X05, X34,X40 
joined to Z35, Z23, Z41; XO5, X24, X41 joined to Z40, ZO1, Z02; 
X01, X12, X24 joined to Z25, Z12, Z41; and the 4 • 4 cyclic permuta- 
tions of these four. This gives 47 + 6 -5 15 § 40 = 108 non-planar 
graphs. 
To obtain (5) and hence (12), let p = 3r = 3(5n + m), 0 ~< m ~< 4, 
n ~> 2. If n is even, take 89 of the/s already described and m triples of 
points. Partition the vertices of the K30 graphs into 89 sets of ten triples. 
Join each triple to every other not in the same set of ten. The total number 
of non-planar graphs is then 
m r r 
47(89 q- 102 (~2 n) q- lOm(89 q- (2 )  = (2 )  q-n = (2)  + [5]" 
If n is odd (and)  3) take the K~5 described above, 89 -- 3) of the/s 
and m triples of points. Proceed as before, with a set of fifteen triples in 
addition to 89 -- 3) sets of ten, and obtain 
108 q- 47{89 -- 3)) + 100 ( 89 -- 3) 2 )+150{ 89 
r 
non-planar graphs. 
Note added in proof It has also been shown [2] that (5) is false for 
r ~< 5, but it remains undecided when 6 ~< r ~< 9. It is also now known 
that (1), (3), and (4) can be improved to 
r r + p= 3r+ 1, r5~:3,4, (13) 
r .], p = 3r + 2. (14) c(K~) = ( 2 ) + [14r + l 
15 
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